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Horizons of black branes have an associated entropy current with non-negative divergence. We
compute this divergence in a late-time transseries expansion for an inhomogeneous system evolv-
ing towards a maximally symmetric asymptotically anti-de Sitter black brane. The horizon area
equilibrates on half the time-scale set by the dominant quasinormal mode and we find a simple
analytic expression for this evolution purely in terms of the background and the quasinormal mode
frequencies. This computation does not require a gradient expansion and is thus non-perturbative in
momenta. We generalize this to include scalar and gauge field matter in any number of dimensions.
Restricting to homogeneous evolution we match and prove earlier numerical work showing that
the apparent horizon entropy saturates the area theorem, in that its time derivative periodically
vanishes. The same is true for spherically symmetric evolution towards the Schwarzschild black
hole.
I. INTRODUCTION
Black holes are some of the most fascinating objects
in physics. They have implications for astrophysics, in-
formation theory, quantum gravity, and can be used to
study holographic theories at strong coupling [1, 2]. Re-
cently their behaviour out of equilibrium has become ex-
perimentally accessible through the detection of gravita-
tional waves from black hole binary collisions [3]. While
this is arguably the most interesting regime of general
relativity, it remains difficult to study. Analytic results
are scarce and one often has to resort to intensive numer-
ics. Any analytic inroads we can make into this regime
are therefore valuable.
In this letter we present analytic results on the out of
equilibrium behavior of the horizon, which was recently
imaged for the first time [4]. It has long been known
that the horizon area cannot decrease [5], here we show
exactly how it increases as a function of its quasinor-
mal modes (QNMs). While we focus on black branes in
anti-de Sitter spacetime, the results presented here apply
as well to spherical evolution of the Schwarzschild black
hole, and could potentially be extended beyond spherical
symmetry.
A black hole in equilibrium has entropy given by its
area [6, 7]. Out of equilibrium this identification is less
clear, but analogous to the second law of thermodynam-
ics the black hole area still cannot decrease [5]. In this
context one can define various horizons satisfying this
law, all of which coincide with the event horizon in equi-
librium. In [8] it was argued that out of equilibrium it is
the apparent horizon that gives the most natural defini-
tion of the entropy.
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Dynamical horizons have been studied previously
through the fluid gravity correspondence [9]. In these
inhomogeneous systems one can define a local entropy
current at either the apparent or event horizon with pos-
itive semi-definite divergence [10–12]. Such approaches
necessarily neglect the contributions of gapped QNMs,
which we include in our analysis.
In [13] the area of spatially homogeneous horizons was
studied numerically, and an analytic form was inferred
for their late time behavior,
δS(t) ∝ e2ωI t (cos (2ωR t) +B) , (1)
where ω is the quasinormal mode (QNM) that gives the
dominant damped oscillation, and superscripts indicate
real and imaginary parts.
Curiously, the apparent horizon was found to saturate
the area theorem, in that the area never decreases but at
times is instantaneously constant, periodically reaching
δS′(t) = 0. The value of the parameter B for this to
happen is
BAH =
|ω|
−ωI . (2)
In contrast the event horizon did not show a similar sat-
uration and instead always increased.
We build on this previous work by analytically
studying the divergence of entropy currents through a
transseries expansion. Transseries expansions have been
explored in the context of general relativity explicitly in
[14, 15] and indirectly in [16, 17]. This is an expansion
about a static solution in the parameter e−i ω t, where
ω is a stable QNM frequency with negative imaginary
part. As the expansion parameter becomes smaller at
later times, we also refer to this series as a late time ex-
pansion. The first order in this series contains precisely
all the QNMs, and from the second order on their contri-
bution to the backreaction can be seen. In this paradigm
2the amplitude of these modes need not be small, instead
the expansion is sensible provided Im(ω) is an order one
negative number.
We obtain the divergence of the entropy current at
second order in this late time expansion, proving the nu-
merical results mentioned above and further finding that
the event horizon entropy will obey Eq. (1) with,
BEH =
|ω|
−ωI ×
|ω − ipiT |
− (ω − ipiT )I
, (3)
where T is the Hawking temperature in equilibrium.
For homogenous perturbations Eq. (1) gives the QNM
contribution to the entropy even for the other maximally
symmetric horizons, the sphere and hyperboloid. The
result does not explicitly depend on the asymptotics of
the spacetime. However there can be other contributions,
such as the late time tails in asymptotically flat space-
time, that should be included in the transseries.
Our computation will focus however on evolution of
black brane solutions in asymptotically anti de Sitter
spacetime, and break spatial homogeneity by allowing
fluctuations at any finite momentum. We include con-
tributions from all fluctuation channels, namely sound,
shear and tensor fluctuations. The results we find for the
divergence of the entropy current are very simple and
fully determined by the QNM frequencies and properties
of the equilibrium solution.
We go to second order in the late time expansion,
where the first nontrivial contribution occurs. The third
order is expected to vanish because it by itself cannot
be non-negative, but we did not prove this. Therefore
our approximation in principle breaks down at times t .
|3 Im(ω0)|−1, where ω0 is the dominant QNM, or perhaps
one order later. However it is often the case that even
the first order QNM approximation can describe nonlin-
ear general relativity well beyond its expected regime of
validity, even with large perturbations [17–19]. We stress
that while the numerical work in [13] only identified the
contribution of the dominant QNM, the analytic compu-
tation we provide holds for QNMs of any order, they will
all contribute in the same way.
We organise this letter as follows. In section (II) we
set up the problem and define the metric, entropy cur-
rent and transseries expansion. In section (III) we show
our main result Eq. (13) for the divergence of the entropy
current due to QNM perturbations in the case of Einstein
gravity with negative cosmological constant. We explain
how the entropy density can be obtained from this ex-
pression in the case of homogeneous perturbations. In
section (IV) we generalize our result to Einstein-Maxwell-
Scalar theory with arbitrary potential and gauge cou-
pling. We give the divergences in full detail in Appendix
A. Finally in section (V) we discuss the implications and
extensions of our analysis.
II. SETUP
For simplicity we start with a black brane in anti-de
Sitter in (4 + 1)-dimensions. Later we will generalize to
arbitrary dimension and also include matter.
We take the ansatz for the metric,
ds2 = −fdt2 + 2dt
(
dr + F (x)dx+ F (y)dy
)
+Σ2gij ,
gij =

 e
−2B coshG e−
1
2
(B−H) sinhG 0
e−
1
2
(B−H) sinhG eB+H coshG 0
0 0 eB−H

 ,
(4)
where all functions depend on (t, r, x) but not on the
remaining coordinates (y, z). To simplify the resulting
equations of motion we choose a particular ansatz such
that the determinant of the metric is given by a single
function
√−g = Σ3.
We further restrict to static, homogeneous solutions
at equilibrium so that at infinite t the only nonzero
functions will be f and Σ which will depend only on
r. The equilibrium solution is then simply the AdS-
Schwarzschild black brane,
f0 = r
2
(
1−
(rh
r
)4)
, Σ0(r) = r ,
F
(x)
0 = F
(y)
0 = B0 = G0 = H0 = 0 ,
(5)
with equilibrium temperature given by T = f ′0(rh)/(4pi).
This temperature can be expressed purely in terms of rh
but to facilitate an easy generalization we do not use Eq.
(5) explicitly, using instead the definition of T along with
the fact that f0(rh) = 0 at the horizon. Away from equi-
librium this ansatz contains a tensor fluctuation through
H , a vector or shear fluctuation through F (y) and a scalar
or sound fluctuation through F (x).
A. Entropy currents
Out of equilibrium the identification of entropy with a
horizon surface becomes ambiguous as multiple distinct
codimension-2 surfaces exist on which to define one. We
will consider two such surfaces, the event horizon (EH)
and the apparent horizon (AH). The event horizon is a
null surface defined by its normal vector nM , where M
runs over all the coordinates, while the apparent horizon
is a spacelike surface on which the geodesic expansion θ
vanishes 1,
AH : θ|rAH = 0 , EH : nMnM |rEH = 0 . (6)
1 There is a subtlety here in that this definition depends on how
the full spacetime is foliated by spacelike surfaces, however here
the late time expansion clearly singles out constant time slices
as the natural foliation.
3In the infinite t limit these surfaces align and are given
radially by the zero of the blackening function f .
Our ansatz Eq. (4) preserves the residual gauge free-
dom associated with a choice of radial shift r → r +
ξ(t, x). This is routinely used in numerical evolution
schemes to fix the position of a locally determined ap-
parent horizon, while doing the same for a globally de-
termined event horizon is usually not possible. In our
setup however this is no issue as we assume knowledge
of our final state and expand our solution backwards in
time in a controlled way. We will fix this gauge implic-
itly by imposing either condition of Eq. (6) at a fixed
constant radius radius rAH or rEH which is independent
of the other coordinates.
For each horizon we can define an entropy current, fol-
lowing [10], through its normal vector vM , which through
our chosen radial gauge is simply v = ∂r. The entropy
current is then given by,
Sµ = s
vµ
vt
, (7)
where s =
√−g/4 is the entropy density evaluated at the
appropriate horizon, and µ runs over all but the radial
coordinate [9, 20]. The divergence of this entropy cur-
rent is constrained to be non-negative through the area
theorems [10],
∂µS
µ ≥ 0 , (8)
which is true for both the event and apparent horizon.
To map this current from the horizon to the boundary
we simply map the radial coordinate, leaving the others
fixed, as was done in [9, 10].
B. Late time expansion
Following [14], we write the late time expansion as a
transseries in t, or a power series in
en(t, x) = e
−i(ωnt−knx) . (9)
In this work we only go to second order and use a sim-
plified notation. We expand any function in the metric
as follows,
g(r, t, x) = g(r) +
∞∑
n=0
{gn(r)en(t, x) + gn¯(r)en¯(t, x)}
+
[
∞∑
n=0
{
gnne
2
n + (gnn¯ + gn¯n) enen¯ + gn¯n¯e
2
n¯
}
+
∞∑
n6=m=0
∑
a∈{n,n¯}
∑
b∈{m,m¯}
gabeaeb
]
+O(e3) ,
(10)
where the coefficients g depend only on r, we suppress the
(t, x) dependence of e, and define kn¯ ≡ −kn, ωn¯ ≡ −ω¯n,
where ω¯n is the complex conjugate of ωn.
2 With this
convention of using the same symbol g without indices
for the equilibrium value, the number of indices is equal
to the order in the expansion. Higher order contributions
can be included in a similar fashion to [14].
The first term g(r) is simply the infinite time equilib-
rium solution, note that in what follows we will suppress
the subscript 0 as given in Eq. (5). The first order cor-
rection gives linearized perturbations about equilibrium,
contributions which are identical to quasinormal modes.
To preserve the reality of the solution we must include
each mode in complex conjugate pairs.
These QNMs come in three decoupled channels, tensor,
shear and sound with helicities 2, 1 and 0 respectively. It
is convenient to work with gauge-invariant combinations
of these perturbations given respectively by,
Xn ≡ Hn ,
Yn ≡ knF (y)n + ωnΣ2Gn ,
Zn ≡ 4knωnF (x)n + 2k2n
(
f ′
Σ′
Σn − fn
)
+Σ
(
k2n
f ′
Σ′
− 6ω2nΣ
)
Bn .
(11)
The modes in Eq. (11) each satisfy their own decoupled
QNM equation. Under simple coordinate redefinitions
these equations are found to be the same as those studied
in [21]. The usual physical boundary conditions, where
the fluctuations die off at infinity and are ingoing at the
horizon, allow for a countably infinite set of frequencies
ωn, which are all included in this first order.
As linear perturbations around equilibrium, these only
depend on the equilibrium solution where the horizons
coincide, rAH = rEH = rh. The amplitude and phase of
a given mode at the horizon remain undetermined by the
QNM equations and can be considered initial data. We
parameterise these constants as,
Xn(rh) = Xneiα
X
n
/2 , (12)
where by the reality of the solution Xn¯ = X¯n with anal-
ogous definitions holding for Y and Z.
Finally and most crucially we include second order con-
tributions in en. These terms can be thought of as the
interactions of pairs of QNMs, and give the leading back-
reaction due to the perturbations. On the third line of
Eq. (10) we see the contribution of a single mode, which
interacts with its complex conjugate. If we had artifi-
cially excited only a single mode we could collapse the
sum over n and stop here. Generically however an en-
semble of modes are excited and this sum will include
2 Both ωn and −ω¯n are QNMs. To avoid double counting in Eq.
(10) we take the indices n and m to sum over only QNMs with
ωR > 0. We could have equally chosen to sum over only the
ωR < 0 modes.
4interactions between every different pair, given on the
last line in Eq. (10). In this analysis we neglect inter-
actions of 3 and higher modes, which can in principle be
included in a similar way.
An important point in the calculation that follows is
that the exponentials en are linearly independent. From
this property we will be able to separate the equations
of motion out into independent ODEs in r for the co-
efficients gnm(r), sourced by the first order contribu-
tions. These equations further reduce to algebraic re-
lations when evaluated on either the event- or apparent
horizon, which allows us to write the divergence of the
entropy currents purely in terms of the horizon values
defined in Eq. (12).
III. RESULTS
We now want to compute the divergence of the en-
tropy current. Before going into the concrete calculation,
we can argue very generally that the first order contri-
bution must vanish. First order contributions from Eq.
(10) take the form of damped oscillations. These os-
cillating functions can not be non-negative, so that any
non-negative quantity built from them must vanish to
preserve non-negativity. As shown below, the interac-
tion of modes can cancel out this oscillation at second
order.
Following the procedure outlined in section (II), we can
write the second order of the divergence of the entropy
current into the following form,
∂µS
µ =
∑
H∈{X ,Y,Z}
∞∑
n,m=0
Anme
(ωn+ωm)
I t
[
cos
(
Ω+nm + δ
+
nm
)
+ Cnm cos
(
Ω−nm + δ
−
nm
)]
+O(e3) , (13)
with
Ω±nm = (kn ± km)x− (ωn ± ωm)R t . (14)
The first sum runs over the different fluctuation chan-
nels, then within each channel indicies m and n sum over
QNMs with ωR > 0. While we have simultaneously in-
cluded all the channels we observe that each channel in
Eq. (13) decouples completely with no interactions be-
tween different channels at this order. The parameters
Anm and δ
±
nm and the frequencies ωn depend on the chan-
nel, but for notational simplicity we suppress the indices
of X , Y and Z.
Each term in this sum has an amplitude Anm and
phases δ±nm that depend on the initial condition through
the corresponding QNMs. The more interesting parame-
ter is Cnm, which is related to what was called the damp-
ing shift in [13]. In the simplest case of n = m the cosine
that multiplies it simplifies to one, and this parameter
gives a constant term that suppresses the other oscilla-
tory term. This suppression of the oscillation is crucial
to having a positive definite quantity, in particular in the
diagonal terms it has to be greater or equal to one. To
distinguish it from the slightly differently defined damp-
ing shift in homogeneous scenarios [13] we will refer to
the parameter Cnm as the oscillation suppression.
All parameters in Eq. (13) are determined from the
equations of motion. By imposing either horizon con-
dition Eq. (6) order by order, the Einstein equations
Eµν = 0 give relations between the various metric func-
tions at the horizon that allow us to express Eq. (13)
fully in terms of the QNM frequencies and the horizon
values Eq. (12). In particular the only necessary second
order constraint comes from solving the unexpanded Err
for ∂2rΣ, inserting that into E
r
t and expanding the result
to second order.
To present the results compactly we define,
kn =
√
(d− 1)piTrh/2 qn , ωn = piTλn ,
q± = 1/2(qn ± qm) , λ± = 1/2(λn ± λm) ,
(15)
where d = 4 is the number of dimensions in the boundary,
which we keep for later generalization. For notational
simplicity we do not explicitly write the n,m dependence
of λ± and q±.
The oscillation suppression Cnm is universal across the
different channels of fluctuations,
Cnm =


1 + q2+
1 + q2−
(AH) ,√√√√(λR+)2 + (λI+ − 1)2(
λR−
)2
+
(
λI+ − 1
)2 (EH) .
(16)
Note that Cnn ≥ 1, since then q− = λ− = 0, which
directly implies positivity of the diagonal contributions
to the divergence of the entropy current. Including the
mixed terms checking positivity is more involved, see Ap-
pendix B for a proof of positivity of the divergence of the
entropy current due to the lowest two tensor fluctuations.
For the other cases we have done extensive numerical
checks showing that they are indeed always positive.
At zero momentum Cnn = 1 for the apparent horizon,
which then saturates the area theorem. Interestingly Cnn
for the event horizon is momentum independent while for
the apparent horizon it is frequency independent.
We recover the previous numerical results of Eqs. (2)
and (3) by setting m = n, setting the momenta to zero
and integrating Eq. (13) to go from ∂S to S itself (this
gives an extra factor |ω| /(−ωI)).
The amplitude and phase of each mode will depend
on initial data, but for a given mode the ratio of the
5amplitudes and the difference of the phases associated
with the apparent and event horizon will be independent
of these choices. For the amplitudes we have the general
form,
Anm =
rd−5h
8piT
cncm


1
(1 + q2+)
(AH) ,
1
|λ+ − i| (EH)
(17)
where the cn depend on the channel as,
cn =


piTr2h |λn| Xn tensor ,
Yn shear ,√
d−2
8(d−1)
|λn|Zn
piT |λ2
n
−q2
n
| sound .
(18)
We stress again that there is no mixing between the chan-
nels.
The phases δ±nm are somewhat complicated and given
in Appendix A, but the difference between the phases
evaluated at the event and apparent horizons for all chan-
nels is simple and given by,
δ± EHnm − δ± AHnm =arctan
(
λR±
λI+ − 1
)
. (19)
IV. GENERALIZATIONS
While in the previous section we have worked in specif-
ically d = 4, the results are given above for arbitrary di-
mension.3 The only dependence occurs in the rescaled
momentum, the overall power of rh in Eq. (17) (which
can be obtained from dimensional analysis), and a nu-
merical prefactor in the ci for sound.
We further generalize our analysis to a broad class of
Einstein-Maxwell-scalar theories with action4,
S =
∫
dd+1x
√−g
(
R− 2Λ− 1
2
(∂φ)2−Z(φ)
4
F 2−V (φ)
)
,
(20)
with the same metric as defined in Eq. (4) and where the
gauge field F = da has non-zero (t, r, x, y) components.
The matter fields give rise to one more gauge invariant
in the shear channel and two more in the sound channel
given respectively by,
Un ≡ a(y)n ,
Vn ≡ 2(ka(t)n + ωa(x)n )− k
a(t)′
Σ′
(ΣBn + 2Σn) ,
Wn ≡ 2φn − φ
′
Σ′
(ΣBn + 2Σn) ,
(21)
3 We have done the computations for d = 4, ...,10 and extrapolated
the results.
4 For a derivation of master equations in exactly this setting, which
are ideal to compute QNMs, see [22].
the matter gauge invariants of Eq. (11) remain un-
changed. We define the horizon values of Un, Vn and
Wn in a similar way to Eq. (12). Following the same
steps as outlined in sections (II) and (III) the same cal-
culation can be performed. The different channels still
decouple in Eq. (13), however we will now have multiple
gauge invariants in each channel and cross terms between
these gauge invariant modes do exist.
For clarity the new form of the divergence of the en-
tropy current, including explicit forms for the amplitudes
and apparent horizon phases is given Appendix A. Here
we give a more qualitative overview.
Instead of Eq. (15) we now rescale the momentum as
kn =
√
(d− 1)piTΣhΣ′h/2 qn and replace the rh in Eqs.
(17) and (18) by Σh, where the subscript h indicates
evaluation at rh.
After these trivial changes the oscillation suppression
as given in Eq. (16) remains identical for all chan-
nels with the exception of the ZnZm contribution. Fur-
thermore both the ratio of amplitudes and difference in
phases between the event and apparent horizon, as given
in Eqs. (17) and (19), remain the same without excep-
tion.
Outside of the replacements mentioned above, the ten-
sor channel contribution XnXm remains identical.
The shear channel contribution from YnYm remains
similarly unchanged, however we find an additional and
near identical contribution from the gauge invariant Un
proportional to UnUm. There is no cross term in ∂µSµ
proportional to YnUm.
The sound channel is more involved. In addition to
two new quadratic contributions from gauge invariants
Vn and Wn we find additional cross terms proportional
to VnZm and WnZm. There is no cross term due to
interactions between the Vn and Wn modes.
The oscillation suppressionCnm of the ZnZm contribu-
tion is enhanced by a multiplicative correction Ccnm ≥ 1
due to the time component of the gauge field. The am-
plitude of this contribution also changes, see Appendix
A for this and all other details. We have verified numer-
ically that ∂µS
µ ≥ 0 for both horizons in all channels.
We finally remark that while the QNM equations all
decouple at zero momentum, the cross term between the
scalar field and the metric, proportional to WnZm, does
not vanish in this limit, as can be seen in the Appendix.
V. DISCUSSION
We have obtained explicit expressions for the diver-
gence of the entropy currents associated with the event
and apparent horizon to second order in a late time
transseries expansion, allowing for the interactions of two
different modes.
At first order no contribution is allowed due to the non-
negativity of entropy growth, meaning that the entropy
will equilibrate at half the time scale set by the dominant
QNM.
6At third order we expect no contributions by the same
argument, although it is not strictly necessary for the
third order contribution to be non-negative by itself. For
tensor perturbations we have checked explicitly that to
∂µS
µ has no O(e3n) correction at third order.
We find in this case that the second order tensor fluctu-
ation satisfies the same equation as the first order tensor
QNM equation, but with twice the frequency. Since this
is not generically a QNM frequency itself, there will be no
nontrivial solution to this equation with physical bound-
ary conditions. This second order fluctuation then gives
a vanishing contribution to the divergence of the entropy
current, setting the third order contribution to zero. Op-
timistically our expansion would only receive non-trivial
corrections at O(e4n) more generally but this warrants an
explicit check.
In contrast to the analysis performed in [9, 11] our use
of the transseries expansion allowed use to avoid explic-
itly truncating our expansion in gradients. Therefore our
result is accurate to all orders of momenta provided one is
able to compute ω(k). Furthermore our expressions can
be applied equally to hydrodynamic and gapped QNMs.
In our setup we have only allowed for spatial depen-
dence along the x coordinate. While one can do this at
linear level without loss of generality, this is not the case
at second order and it remains to be seen what the contri-
bution of modes with momenta along the other directions
would be.
We have focused on asymptotically anti-de Sitter black
branes but similar results can be obtained for spheri-
cal or hyperbolic black objects, or for de Sitter or flat
asymptotics. In fact the homogeneous, zero momentum
limit of the results presented here apply directly to those
cases, even in the presence of matter fields. In asymp-
totically flat spacetimes there is the complication of late
time tails, or polynomial decays which are present on top
of the QNMs. These we have not treated, but our result
still applies to the entropy generated by the interaction
of QNMs separately. A further analysis could in princi-
ple include these effects for a more reliable description of
the evolution of the horizon.
ACKNOWLEDGMENTS
We thank Jorge Casalderrey Solana, Roberto Em-
paran, Michal Heller, Chris Herzog, Javier Magan, Wilke
van der Schee, Michal Spalinski and Andrei Starinets for
comments on an earlier version of this work. The work
of AJ is supported by ERC Advanced Grant GravBHs-
692951. BM is supported by the Skye Foundation and
the Oppenheimer Memorial Trust.
[1] J. M. Maldacena, Int. J. Theor. Phys. 38, 1113 (1999),
[Adv. Theor. Math. Phys.2,231(1998)],
arXiv:hep-th/9711200 [hep-th].
[2] S. Ryu and T. Takayanagi,
Phys. Rev. Lett. 96, 181602 (2006),
arXiv:hep-th/0603001 [hep-th].
[3] B. P. Abbott et al. (LIGO Scientific,
Virgo), Phys. Rev. Lett. 116, 241103 (2016),
arXiv:1606.04855 [gr-qc].
[4] K. Akiyama et al. (Event Horizon Tele-
scope), Astrophys. J. 875, L1 (2019),
arXiv:1906.11238 [astro-ph.GA].
[5] S. W. Hawking, Comm. Math. Phys. 43, 199 (1975).
[6] G. ’t Hooft, “Dimensional reduction in quantum gravity,”
(1993), arXiv:gr-qc/9310026 [gr-qc].
[7] L. Susskind, J. Math. Phys. 36, 6377 (1995),
arXiv:hep-th/9409089 [hep-th].
[8] N. Engelhardt and A. C. Wall,
Phys. Rev. Lett. 121, 211301 (2018),
arXiv:1706.02038 [hep-th].
[9] S. Bhattacharyya, V. E. Hubeny, R. Loganayagam,
G. Mandal, S. Minwalla, T. Morita, M. Ranga-
mani, and H. S. Reall, JHEP 06, 055 (2008),
arXiv:0803.2526 [hep-th].
[10] I. Booth, M. P. Heller, and M. Spalin-
ski, Phys. Rev. D83, 061901 (2011),
arXiv:1010.6301 [hep-th].
[11] I. Booth, M. P. Heller, G. Plewa, and
M. Spalinski, Phys. Rev. D83, 106005 (2011),
arXiv:1102.2885 [hep-th].
[12] V. E. Hubeny, S. Minwalla, and M. Rangamani, in
Black holes in higher dimensions (2012) pp. 348–383,
[,817(2011)], arXiv:1107.5780 [hep-th].
[13] A. Jansen and J. M. Ma-
gan, Phys. Rev. D94, 104007 (2016),
arXiv:1604.03772 [hep-th].
[14] I. Aniceto, B. Meiring, J. Jankowski, and M. Spalin´ski,
(2018), arXiv:1810.07130 [hep-th].
[15] J. Casalderrey-Solana, C. P. Herzog, and B. Meiring,
JHEP 01, 181 (2019), arXiv:1810.02314 [hep-th].
[16] J. Casalderrey-Solana, N. I. Gushterov, and B. Meiring,
JHEP 04, 042 (2018), arXiv:1712.02772 [hep-th].
[17] M. P. Heller, R. A. Janik, and
P. Witaszczyk, Phys. Rev. Lett. 110, 211602 (2013),
arXiv:1302.0697 [hep-th].
[18] M. P. Heller, D. Mateos, W. van der Schee, and M. Tri-
ana, JHEP 09, 026 (2013), arXiv:1304.5172 [hep-th].
[19] M. P. Heller, D. Mateos, W. van der Schee, and
D. Trancanelli, Phys. Rev. Lett. 108, 191601 (2012),
arXiv:1202.0981 [hep-th].
[20] C. P. Herzog, M. Spillane, and A. Yarom,
JHEP 08, 120 (2016), arXiv:1605.01404 [hep-th].
[21] P. K. Kovtun and A. O. Starinets,
Phys. Rev. D72, 086009 (2005),
arXiv:hep-th/0506184 [hep-th].
[22] A. Jansen, A. Rostworowski, and M. Rutkowski,
JHEP 12, 036 (2019), arXiv:1909.04049 [hep-th].
7Appendix A: Solution in full detail
In this section we give our most general result in a self
contained and fully explicit form for a theory given by
Eq. (20). The complete expression for the divergence of
the entropy current is given by,
∂µS
µ =
∑
n,m
AXnX ′m +
∑
H,H′∈{U ,Y}
∑
n,m
AHnH′m
+
∑
H,H′∈{V,W,Z}
∑
n,m
AHnH′m ,
(A1)
where we have expanded the sum over channels and de-
fined
AHnH′m = e
(
ωHn+ωH′
m
)
I
t
AHnH′m
[
cos
(
Ω+HnH′m + δ
+
HnH′m
)
+ CHnH′m cos
(
Ω−HnH′m + δ
−
HnH′m
) ]
,
(A2)
and
Ω±HnH′m =
(
kHn ± kH′m
)
x− (ωHn ± ωH′m)R t . (A3)
Two of the cross terms vanish:
AYnU ′m = AVnW′m = 0 , (A4)
the other contributions are all nonzero.
We have computed this expression for the event- and
apparent horizon, which we denote by EH and AH re-
spectively. The difference between the two is identical
for each contribution, and summarized as
CHnH′m = C
c
HnH′m
×


1 + q2+
1 + q2−
(AH)√√√√(λR+)2 + (λI+ − 1)2(
λR−
)2
+
(
λI+ − 1
)2 (EH)
AHnH′m =
Σd−5h
8piT
cHnH′m


1
(1 + q2+)
(AH)
1
|λ+ − i| (EH)
δ±,EHHnH′m − δ
±,AH
HnH′m
= arctan
(
λR±
λI+ − 1
)
.
(A5)
Here we have defined
kn =
√
(d− 1)piTΣhΣ′h/2 qn , ωn = piTλn ,
q± = 1/2(qn ± qm) , λ± = 1/2(λn ± λm) ,
(A6)
and we have omitted the dependence of the frequency and
momenta on the corresponding gauge invariant purely for
notational simplicity.
The oscillation suppressions are almost fully universal,
with
CcHnH′m = 1 , H,H
′ 6= Z,Z ,
CcZnZ′m =
√√√√R2 |λn|2 |λm|2 + qnqmQ (qnqmQ+ 2Rν+nm)
R2 |λn|2 |λm|2 + qnqmQ
(
qnqmQ+ 2Rν−nm
) ,
(A7)
where Q and R depend on the background as
Q = 32(d− 1)piTΣhΣ′hZh
(
a
(t)
h
′
)2
,
R = Σ2h
(
−2V ′h + Z ′h
(
a
(t)
h
′
)2)
+ 128(d− 1)(d− 2) (piTΣ′h)2 ,
(A8)
and we further define several combinations of frequencies
νi and of frequencies and momenta κi as
ν±nm = λ
R
nλ
R
m ± λInλIm , µ±nm = λRmλIn ± λRnλIm ,
κ±nm = |λn|2 |λm|2 ± q2nq2m , ξ±nm = q2n |λm|2 ± q2m |λn|2 ,
χn = q
2
n +
(
λIn
)2 − (λRn )2 , ρn = 2λRnλIn .
(A9)
We can write the phases for the apparent horizon as
δ±HnH′m ≡
αHn ± αH′m
2
+ ∆±HnH′m , (A10)
where the α’s are the phases of the gauge invariants at
the horizon
Hn(rh) = HneiαHn/2 , (A11)
and the ∆’s are as follows
tensor: tan
(
∆±XnXm
)
=
µ±nm
ν∓nm
,
shear: tan
(
∆±YnYm
)
= 0 ,
tan
(
∆±UnUm
)
=
µ±nm
ν∓nm
,
sound: tan
(
∆±VnVm
)
= 0 ,
tan
(
∆±WnWm
)
=
µ±nm
ν∓nm
,
tan
(
∆±ZnVm
)
=
2λInλ
R
n
χn
,
tan
(
∆±ZnWm
)
=
|λn|2 µ−nm + q2nµ+nm
|λn|2 ν+nm − q2nν+nm
,
tan
(
∆±ZnZm
)
=
R (µ±nmκ−nm + µ∓nmξ−nm)−Qqnqm (ρnχm ± ρmχn)
R (−ν∓nmκ+nm + ν±nmξ+nm)−Qqnqm (χnχm ∓ ρnρm) .
(A12)
8Note that in the vacuum limit Q = 0 and the last expres-
sion reduces to
vacuum: tan
(
∆±ZnZm
)
=
µ±nmκ
−
nm + µ
∓
nmξ
−
nm
−ν∓nmκ+nm + ν±nmξ+nm
. (A13)
Finally the amplitudes usually factorize as cHnH′m =
cHncH′m with
cXn = |λn|piTΣ2hXn ,
cYn = Yn ,
cUn = |λn|piTΣh
√
ZhUn ,
cVn =
1
2
Σh
√
ZhVn ,
cWn =
1
2
|λn|piTΣ2hWn ,
cZn =
cZ,vac.n√R|λn|
(A14)
except in the following three cases
cZnVm =
|qn|
2
√
2(d− 1)piT |q2n − λ2n|
a
(t)
h
′
√
ΣhZh
piTΣ′h
cVn ,
cZnWm =
|λn|Σh
(
−2V ′h + Z ′h
(
a
(t)
h
′
)2)
16(d− 1)(piT )2 |q2n − λ2n|Σ′h
cWn ,
cZnZm = cZncZm×√
R2 |λn|2 |λm|2 +Qqnqm
(Qqnqm + 2Rν−nm) .
(A15)
Appendix B: Positivity
In this section we show explicitly that the divergence of
the entropy current for the apparent horizon given by the
lowest two tensor perturbations will be positive definite.
We have checked numerically that this statement holds
in every other channel as well as for the event horizon.
To begin we rewrite the tensor mode contribution of
Eq. (13) in the form of Eq. (B3). For clarity we introduce
the following notation,
Ωn = knx− ωRn t+ αn/2 , (B1)
Θn = λ
R
n cos(Ωn)− λIn sin(Ωn) ,
Ξn = λ
I
n cos(Ωn) + λ
R
n sin(Ωn) .
gn =
cn√
8rhpiT |λn|2 (1 + q2n)
.
The contribution of a pair of modes ωn, ωm is given by
∂µS
µ|nm = Ann +Amm +Anm +Amn , (B2)
using the A from Eq. (A1). Using the above notation we
can recast this contribution in the following form,
∂µS
µ|nm =+ g2ne2ω
I
n
t
(
q2nΘ
2
n +
(
2 + q2n
)
Ξ2n
)
(B3)
+ g2me
2ωI
m
t
(
q2mΘ
2
m +
(
2 + q2m
)
Ξ2m
)
+ 2gngm e
(ωI
n
+ωI
m
) t
[
f1 (qnqmΘnΘm)
+ f2
(√
2 + qn
√
2 + qm ΞnΞm
)]
,
with functions f1 and f2 defined as,
f1 =
√
1 + q2n
√
1 + q2m(
1 + q2+
) (
1 + q2−
) , (B4)
f2 =
(
q2+ + q
2
− + 2
)√ (1+q2
n
)(1+q2
m
)
(2+q2
n
)(2+q2
m
)(
1 + q2−
) (
1 + q2+
) . (B5)
We can note that f1 and f2 are bounded as 0 ≤ f1 ≤
f2 ≤ 1. The first two terms of Eq. (B3) are positive def-
inite meaning that ∂µS
µ will attain its minimum value
when the last two terms have the largest negative contri-
bution. Setting f1 = f2 = 1 we find that Eq. (B3) can
be written as the sum of two squares, showing that we
must have ∂µS
µ ≥ 0 and completing the proof,
∂µS
µ|nm ≥
(
gne
ωI
n
tqnΘn + gme
ωI
m
tqmΘm
)2
+ (B6)(
gne
ωI
n
t
√
2 + q2n Ξn + gme
ωI
m
t
√
2 + q2m Ξm
)2 ≥ 0 .
The leading contribution to Eq. (13) is given when n = 0
and m = 1.
